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Abstract 

We discuss a generalization of the quantum group U q {sl{2)) to the g-Virasoro 
algebra in two-dimensional electrons system under uniform magnetic field. It is 
shown that the integral representations of both algebras are reduced to those in a 
(l+l)-dimensional fermion. As an application of the quantum group symmetry, we 
discuss a model of quantum group current on the analogy of the Hall current. 
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1 Introduction 



Quantum groups [p], §] and other deformed algebras have often been studied in some 
relevance to quantum corrections, anisotropies, discretizations and deformations of orig- 
inal symmetries. Recently in the context of discretizations, in particular, g-deformations 
of the Virasoro algebra have been developed intensively || — f|. The g- Virasoro algebras 
is defined as two-loop Lie algebras which are connected to the lattice deformation of the 
Liouville theory or to a discrete KdV system [|J . Furthermore, one of them is represented 
in terms of a single Majorana fermion H |6| and it might well describe some other fermion 
physics. We consider the fermion's phenomenon which possesses at least the quantum 
subalgebra U g (sl(2)) accordingly. 

There are two other reasons to consider a fermion system. The investigation of q- 
deformations of the Virasoro algebra originated in an attempt to deform conformal field 
theories (CFTs) and string theories |7[]. In off-critical CFT, the algebra classifying repre- 
sentations is no longer the Virasoro algebra, but some other algebra. One of the typical 
solvable off-critical CFT models is also a fermion system in an external magnetic field. We 
are thus interested in whether the g-deformed Virasoro algebra is related to the fermion 
system in a constant magnetic field. 

Second, in nonrelativistic three dimensional system, we encounter the interesting phe- 
nomena, called the quantum Hall effects^]. This is also a phenomenon of electrons 
in magnetic field and the U q (sl(2)) symmetry appears. Recently, it has been shown 
that utilizing the U q (sl(2)) symmetry, various cases of diagonalizytion problem of a two- 
dimensional electron are reduced to the Bethe ansatz equations or solved in terms of the 
Bethe ansatz equations^]. We then expect some relevance to the q- Virasoro algebra. 

In this paper, we are concerned with the q- Virasoro symmetry as a generalization of 
the U q (sl{2)) in a charged particle system under a constant magnetic field B perpendicular 
to the x-y plane with the Hamiltonian 

H=-^-(p--A)\ (1.1) 

2m e c 

In abstract stage, the quantum algebra U q (sl{2)) is defined by four generators E + , E~, 
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and which satisfy the following commutation relations 

[E + ,E~] = k lzJLl kE ± k- 1 = q ±1 E ± . (1.2) 

q-q- 1 

The m-dimensional matrix representation (spin-j representation) with m = 2j + 1 of 
these generators is 

n(E+)=diag + [[2j] q , [2j - 1]„ . . . , [1],] , 

ir(E-) = diag-[[l] q ,[2] q ,...,[2j] q ], (1.3) 
ir(k) =diag[q j ,q j - 1 ,...,q- j ], 

where the notation diag + (diag~) means upper (lower) diagonal matrix and 

It is known that the generators are realized by the magnetic translations T a 

T( ai , a2 ) = exp(-a ■ (3) , (1.5) 



Pi=Pi- -M — r e ij xJ ' ^ = —^ Be ij x3 - , (1.6) 



where 

— i 4_I 

c""* c 6ljX ' 1 ~ 2' 

and e n = e 2 2 = 0, e i2 = — e 2 i = 1. The vector j3 is related to the cyclotron center and 
the scalar function will be fixed for later conveniences. 



In sect. 2, we review the U q {sl{2)) symmetry in the one-body system and survey ma- 
trix representations in order to have a prospect how the g-Virasoro algebra appears. Sect. 
3 is a short note on the case of a many-particle system. In sect. 4, we discuss the integral 
representations of the U q (sl(2)) and the g-Virasoro generators in the nonrelativistic field 
theory in three dimensions. We show that these representations correspond to those in 
two-dimensional chiral fermion theory through a dimensional reduction procedure. In 
sect. 5, we illustrate a model of quantum group currents on the analogy of the Hall cur- 
rent. In order to complement the argument of sect. 5, we notice the tensor product of two 
spin-1 representations with v — 1/3 in sect. 6. In this case, we obtain the 'Hall' current 
with the filling factor v = 2/3. 



2 Quantum group symmetry 

The generators of the quantum group algebra U q (sl(2)) are realized by the following 
combination of magnetic translations 

E+ = T(A ' A) - T( - A ' A) (2.1) 
q-q 1 

E- = T( - A '- A) - T(A - A) (2.2) 
q-q- 1 

k = T [A>0) . (2.3) 
They satisfy the defining relations of the U q (sl(2)) with the identification 

q = exp{iAA\- 2 ) (2.4) 



where A is the magnetic length defined by Jhc/eB. If we put 



A = -^-, K=-^— (2.5) 
2j + 1 ' 2j + 1 1 ; 



and we assume that the total flux N s satisfies the condition 

N s = ^? , (2.6) 

the Landau states ipi (~j < I < J; where j is defined by iV, = 2j + 1) behave as a spin-j 
representation of the U q (sl{2)). Namely, we gain the relations 

E^i = [~ ± W±i , = q% , (2-7) 



and 



27T? 



When the periodic boundary condition is imposed, / takes an integer value. On the 
other hand the anti-periodic case, / takes a half-integer value. Accordingly, whether j 
is an integer or a half-integer is determined from the periodic or anti-periodic boundary 
condition. The matrix representation p of the equations ( ^.7| ) becomes 

p(E+) = diag + [-[j - ±]„ -\j - §]„ ...,[?- , 

p(e-) = ^-[[j - 1]„ [j - . . . , -[j - §y , (2.9) 

= diaglq^q 3 ' 1 , . . . , q~ 3 } . 



Using the formulae 

f^] q =[l} q , [m-l] q = -[l] q for q m = l (2.10) 

we can verify that the representation (|2.9|) satisfies the commutation relations (|1.2| ) and 



it turns out that (23) coincides with the spin-j representation ( |1.3| ) making use of the 
relations (|2.10|) . The above representation E ± changes I into I ± 1, however other cases 
of raising from I to I ±p (p ^ 1) are also possible (see appendix A). 



When j is an integer, namely periodic case, the representation ( |2.9[ ) amounts to 



p{E+) = diag+[-[l) q , -[2) g , . . . ,-\j) q , \j] g , [j - l] q , . . . , [1]J , 

p(E-) = diag-[[l] q) [2} q , [j] q , -\j] q , -[j - 1]„ . . . , -[1],] . (2.11) 

The other case of j being a half-integer (anti-periodic case) contrastively includes a zero 
in the entries of diag^ 

p{E+) = diag+[-[l] q , -[2] q , ...,-[;- |]„ 0, \j - \} q , [l] q ] , 
p(E-) = diag-[[l] q , [2} q , 0, -\j - §]„ . . . , -[1]J . (2.12) 

We note that j = 1/2 case is excluded in the above representation (|2.12| ) or (|2.9| ) be- 
cause p(-E ± ) = and p{k) = diaglq 1 / 2 , q^ 1 ^ 2 ]. Namely, these neither satisfy the defining 
relations ( [1.2[ ) of the quantum algebra U q {sl{2)) nor coincide with the representation 

(ED- 

These matrix representations are related to the cyclic representation of the Curtright- 
Zachos type of g-deformed Virasoro algebra||TD||. This is a signature of the existence of the 
g-Virasoro algebra. Actually, the U q (sl{2)) generators (|2.1| ) and (|2.2|) can be generalized 
into the following operators 

f (k) _ T(kA,nA) ~ ?(-fcA,wA) ^ 

q k _ q -k ■ \ ■ > 

This differential operator satisfies a g-analogue of the Virasoro algebra (details are in 
sect. 4). 



4 



3 Laughlin-Jastrow function 

In this section, we comment that the statement of the previous section can be straight- 
forwardly extended to many-particle system. In the following sections, we devote our- 
selves to the gauge A = and introduce the complex notation [ |Tl"|j 

In this notation, the one-particle magnetic translation ( |1.5| ) becomes 

T (ejg) = exp{eb - tb ] ) (3.2) 

where 

b= l -z + d ) h \ = \ z -B, (3.3) 

and e and e can be regarded as mutually independent dimensionless constants. The 
quantum group generators are obtained by the naive replacement of (A, A) by (e, e) in the 
eqs.( p.l|) -( p.3|) . The commutation relations (|1.2j) are satisfied identifying the deformation 
parameter with 

q = exp(-ee) . (3.4) 
And the lowest Landau level wavefunction 

4>i{z) = exp(—-zz)exp(ilz) (3.5) 

satisfies the relations (|2~7l ) and (|2.8|) if we choose e = L x L y /(\N s ) 2 and e = —i. 

In a multi-particle system, introducing the total magnetic translation operator defined 

by 

i=i 

the quantum group generators are similarly obtained by replacing T with T tot in the 
above argument. The commutation relations (|1.2j ) are checked using the multiplication 
formula for T tot 

/ 1 

-\tot rjitot / 2 j\7 37„ „, I rr\tot 



■^(ni,n2)^(mi,m2) ~~ eX P (^2° ^ e^- 3 n i m jj 7"( ni + n2j?T) , 1 + ?T) , 2 ) , (3-7) 



when identifying 

q = exp(—N e ee) . (3.8) 

In this case also, the deformation parameter q is given by the filling factor v = N e /N s in 
the lowest Landau level; q = exp(2irii') , which is a natural generalization of (|2.8| ). 

Let us consider whether iV e -body wavefunctions form a representation basis of the 
U q (sl(2)). For that purpose, we deal with the Laughlin-Jastrow wavefunctions [HJ mul- 
tiplied by the center-of-mass factor with filling factor v — 1/m (m odd) 

N e i N e N e 

ipi = exp(il ^i)exp[-- Zi^i} Jlte ~ z j)™ ■ ( 3 - 9 ) 

i i=l i<j 

Operating the generators of the quantum algebra U q (sl(2)) on the above wavefunctions 
( |3.9| ), we easily recognize that the same relations as ( |2.7| ) are satisfied by making use of 
the relation Q3.81) . In this consideration, the U q (sl(2)) symmetry does not concern the 
interactive part of the wavefunction Y\(zi — Zj). Only the global parts (exponential parts) 



are relevant [0 and thus we only have to discuss one-particle system in generalization 
to the g-Virasoro algebra. 



4 g-Virasoro generators 

In this section, generalizing the integral representations of the quantum group U q (sl(2)), 
we derive the g-Virasoro algebra ||. The integral representations are obtained with the 



course of Ref . ||1 1|| . After that, we discuss the connection of the representations to those 
of a relativistic chiral fermion in two dimensions. 
In the first quantization of the Hamiltonian 

H = 2a i a+1, (4.1) 

the wavefunctions are given by two commuting harmonic oscillators 

M*) = L x , / , &>(*) ( 4 - 2 ) 
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where <f)o(z) is the vacuum satisfying a0o — b<po = and the argument z simply means 
the two dimensional coordinate (x, y) . The quantum numbers n and I correspond to the 
energy and the angular momentum respectively. In terms of the wavefunctions ( [4.2|) and 
the fermion oscillators and b^f 1 

{b£\b ( r^} = 6 nim 6 k , l , (4.3) 

the second quantized field operator is defined by 



*CM)= £ btUn, k - n (z)e-^ n+1)t (4.4) 

n,k=0 

and satisfies the canonical anti-commutator 

{V(z,t),V(w,t)} = 5 {2) (z-w). (4.5) 

When commutation relations of differential operators are given by 

[C a ,C b ] = f abc C c , (4.6) 

it is easy to verify that the following expression satisfies the same commutation relations 
as (p|) 

C a = J d 2 w^(w)C a (w, w)V(w) , (4.7) 

and thus (|4.7|) provides a integral representation of the C algebra. If C is the Hamiltonian 
operator ( f4.1|) , C becomes the conserved Hamiltonian for the non-relativistic Schrodinger 
field theory 

S = J dtd 2 w (W f * - (4.8) 

where Di = di — iA$ (c=e=l). Furthermore, if C a is composed of the harmonic oscillators 
(|3.3j), which commute with the covariant derivative D and with the Hamiltonian, C a is a 



conserved charge. 

Choosing C a to be the U q (sl(2)) operators discussed before, the integral representation 
of the U q {sl{2)) generators is thus 

E+ = ! d 2 w^\w) T( ^Zq-V' l) ^{w) 
E~ = J d 2 w^(w) ^f^M 1 *{w) (4.9) 
k = Jd 2 w^(w)T {€fi) ^(w). 



These generators are the nonlocal conserved charges because magnetic translations are 
given by the harmonic oscillators b and (see ( |3.3|) ). We notice that there is an infinite 
number of nonlocal conserved charges which are the generalization of 

T(kf,ne) — T(. 

q k — q~ 

These satisfy the g-Virasoro algebra (B.7) without a central extension 



4 fc ) = / d 2 w¥(w) T{ke ' nl) k _ T( l k ke > nl) *(w) . (4.10) 

J Q (J 



[J#US?] = £C£*l£K"\ (4.11) 



ej-^n+m ) 
e=±l 

where the structure constants are 

nn i _ [(nj -mi)/2] q [(i + j)] q 

For reference, the two-dimensional integral representation of the g-Virasoro algebra is in 
appendix B. The same algebras as U q (sl(2)) and ( 4.11|) exist in both theories, however 
eq.(B7) possesses a central extension. 



Let us discuss the connection between two- and three-dimensional representations. 
The generator fl4.10| ) is the form of 

where £3 is the Lagrangian density in ( f4.8|) . It is therefore convenient to consider the 
following dimensional reduction procedure 

72... SC 3 _ 1 r, 5C 2 



d 2 w—. — — -> i dw-= — A — (4.13) 

where £2 stands for the two-dimensional Lagrangian density of a dimensionless chiral 
fermion. This procedure gives the change from a nonrelativistic fermion to relativistic 
one except the change of dimensions of the fermion field. The dimensions will be counted 
later. We then consider the following reduced form 

L { n k) ^^Jdw^ H {w)5^{w)^ H {wl (4.14) 

in which 8)£'(w) should be understood as an operator of only holomorphic parts after 



some projection procedure. In this paper, we follow the method of ref. |15| to extract 

8 



holomorphic parts from 8!£'(w, w). After moving all w powers to the left of the w powers, 
we replace w — > 2d and d — > 0. For example, 

T(ke,ni) = exp(—w)exp(ned)exp(——w)exp(ked) — > exp(— new / 2)exp(2ked— eekn/2). 

Furthermore, taking account of the coordinate transformation from w-cylinder to z-plane 

2 

w = — - Inz (4-15) 



and of the parametrization fl3.4p, we get the reduced variation operator as 

5 ^ {z) = A kzdz ^ k,2] \ (4.16) 

Finally substituting ipu z 1 ^ 2 ip(z) into ( [4. 14| ) in order that ip has the conformal weight 
1/2, we thus obtain the following expression up to the factor 2/e 

It is easy to show that the RHS of the above equation coincides with the g-Virasoro 
generators of the two-dimensional fermion (B.2). We therefore recognize that the 3- 
d fermion currents have some share of the two-dimensional fermion's quantum group 
symmetries including the g-Virasoro algebra. 



5 Quantum Group current 

We have observed the g-Virasoro symmetry, however we have not understood the 
situation on which the g-Virasoro symmetry becomes effective. In this paper, we finally 
discuss a model on the analogy of the simplest model of the Hall current [|16|, |T7| . 

First we review this model in short. Let us consider the gauge A = \Bxy + $x/27r 
and the cylinder with the radius r defined by L x = 2-nr. $ is now a fixed constant which 
will be varied adiabatically. The eigenfunctions of the Hamiltonian are degenerated for 
each Landau level n 

\l,n) = exp^x - ^(y -yi) 2 ^j H n (^-j^) , (5.1) 
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All equations in the section 2 are not changed in this case. All the eigenf unctions for fixed 
value of n, each state is discriminated by the /, i.e., the coordinate yi on the cylinder. 
When we gradually increase the value of $ up to the flux quantum ch/e over the time 
interval AT, the yi becomes to yi+i- Accordingly all eigenfunctions 1 1, n ) are shifted each 
in their turn (see Fig.l) and finally settle down to the equal set of the eigenfunctions to 
the original one. If all the states are completely filled with electrons, we observe the Hall 
current with the filling factor v — 1. Namely, 

. _ e 1 A$ 

3x ~ 2^AT' y ~ 2~7rrc AT (5 ' 3) 

and we hence see v = 1 in the relation 

**» = % = U T (5 ' 4) 

Hereafter, we call this mechanism as an 'entire moving of eigenstates' (EME) and consider 
the analogy of the above model. According to the localization theory, there exists a 
potential which localizes wavefunctions and each Landau level splits into the Landau 
subband (Fig. 2), in which unlocalized states are surrounded by localized states. The 
Hall current is carried by the electrons not in localized states but in unlocalized states 
HT8|j (We can depict the Hall current as in Fig.3 in the words of EME. All the unlocalized 
states are connected by the arrow lines forming a right moving current but on the other 
hand the localized states form closed loops). 

We furthermore need the following three assumptions [I7J to obtain a fractional filling. 



(i) The magnetic field should be so strong as to the EME close within the same Landau 
subband. (ii) The cylinder should be long enough to idealize the states near the both edges 
of the cylinder, namely, we assume the situation of Fig.l near the edges. This condition 
is equivalent to confining the regions of non-vanishing potential into the middle part of 
the cylinder, (iii) All the states up to the final unlocalized state (point D in Fig. 2) within 
the Fermi surface should be completely filled with electrons and let the Fermi surface be 
in the upper localized states or in the energy gap (see Fig.2). Because the states between 

10 



E and F does not contribute to the Hall current, there can exist unfilled localized states 
as well as filled localized ones. Hence an unfilled localized state will appear in Fig. 3 and 
this appearance makes the filling factor being a fractional value. 

Now we can make use of the above model to construct a EME current associated to 
the g-Virasoro symmetry. For simplicity, we confine ourselves to examine the U q (sl(2)) 
subalgebra part and condier five states which follows the 5-dimensional representation. 



According to ( |1.3|) , E + ek = [5 — k] q ek+i and E^e^ = [k — l] q ek-i are satisfied and we 
should notice that E + e 2 = E~e^ = which forbids the state to be arrived from the 
states e 2 and e 4 when q 3 = 1. The state e 3 is isolated and is therefore regarded as an 
unfilled 'localized' state. In contrast with the e\ moving to the place of e 2 , the e 2 moves 
into the through other generator of the quantum group E + , which will be mentioned 
in the next section, 

Then the e§ inevitably goes back to the e 4 and the e 4 disappears into the vanishing 
potential region through the action of E + . Consequently, the EME is accomplished by 
the quantum group action. 

The occupation ratio of the 'unlocalized' states including one state, which is a desti- 
nation of the outgoing state e 4 , amounts to 

4 2 

v = = - . (5.6) 

5+1 3 V ; 

It should be noticed that this filling ratio is consistent to the relation ( |3.8|) . The pattern of 
the moving of the 'electrons' is digested in Fig.4. We should not wonder if the dimension 
of the representation does not coincide with the number m in q m = 1 contrary to the 
results in previous sections. The situation like this can be realized from a tensor product 
decomposition, i.e., 3©3 = 5©3©1, which will be discussed in the next section. 



6 Tensor product representation 

The operation rule of the U q (sl(2)) generators on a tensor product representation is 
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given by the comultiplication mapping A of the Hopf algebra [JTJ] 

A(E ± ) = E ± ® k~ l + k®E ± , A(k ± ) = k ± ®k ± . (6.1) 
It follows that the generators on a iV-fold tensor product representation become 

N N 

E ± = Y / h-.. h-xEfkr^ ...k N \ k = Y[k l (6.2) 

i=i i=i 

where Ef and ki mean the generators on the 2-th representation space. And the formula 



(|2.71 ) is also assumed in each space. Let us consider the tensor product of two spin-1 
representations for simplicity 

|i,J> = |i>®|j). (6-3) 
The representation basis is decomposed into three representations, i.e. the singlet eg, the 
triplet (es,e7,e6) and the quintet (e$, e±, e 3 , e<i-, ei); 

e 5 = 1 1, 1 > , e 4 = g- 1 |0,l)+g|l,0) 
e 3 = q 2 \ 1, -1 ) + q- 2 \ -1, 1 ) - (q + q' 1 )] 0, ) (6.4) 
e 2 = g|0,-l) + g- 1 |-l,0), e x = ] —1, —1 > , 

e 8 = g|0,l)-g- 1 |l,0), e 6 = q\ -1, ) - q^\ 0, -1 ) 

e7 =|l,-l)-|-l,l) + ( g - g -i)|0,0), (6.5) 

and 

e 9 = |0,0) + g- 1 |l,-l) + g|-l,l). (6.6) 
The representation matrices are 

Ps(E + ) = diag + [-a, a, -(q 2 + 1 + g^K (q 2 + q~ 2 )a] 
p 5 (E~) = diag~[(q 2 + q~ 2 )a, -(q 2 + 1 + g _1 )a, a, -a] (6.7) 
ps(k) = diag[q 2 ,q, l,q-\q~ 2 ] 

and 

p 3 (E + ) = diag + [—a, a] , p 3 (E~) = diag~[a, —a] 

p 3 (k) =diag[q 2 ,l,q- 2 }, (6.8) 
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where a = [l/2] g . The representations of both ( |6.7| ) and ( |6.8| ) satisfy the same commu- 
tation relations as those of original 9- dimensional representation. When q 3 = 1, they 
satisfy the U q (sl(2)) commutation relations (|1.2|) as mentioned in previous sections. 

We now notice that some new features happen in the case q being a root of unity |H| . 
For example when q 3 =l, we can easily verify that 

(E ± ) 3 = (6.9) 

and (£' d= ) 3 commute with E ± and k. As a result, e<i and e 4 can not be arrived from e% 

E ± e 3 = 0. (6.10) 



In spite of ( |6.9| ), however, e 2 and e 4 are connected with e$ and e\ respectively by the 
operator ( |5.5|) 



Namely 



E + ei = — ae 4 , E e$ = — ae2 , 

^~e 4 = — ae\ , E + e 2 = — ae 5 , (6-12) 



in which the value of a becomes 



k — 1 

-l) fc , g = exp(27T2— — ) , fc = 2,3. (6.13) 



As mentioned in ( |6.10|) , e 2 and e 4 can not be reached from e 3 and so the quantum 



group can not move the state e% whether it is occupied by an localized state which does 
not contribute to the 'Hall' current and that the pattern of the current is the same as 
Fig. 4 discussed previous section. 



7 Conclusion 



We have discussed the quantum group U q (sl(2)) structure in two-dimensional electron 
systems and showed that this symmetry can be extended into the g-deformation of the 

13 



Virasoro algebra. These symmetries exist in many-particle systems as the Laughlin sys- 
tem, however they concern only the global translational symmetry and they are essentials 
in one-body system. Nevertheless, the appearance of the q- Virasoro algebra is interesting, 
because we have not understood the reason why it appears. The dimensionally reduced 
generators satisfy the centrally extended (c = 1/2) q- Virasoro algebra. In this relevance, 
it might be related to the c = 1/2 representation. 

Owing to the external magnetic field, su(2) subalgebra of the Virasoro algebra is 
deformed to U q (sl(2)) and then the q- Virasoro algebra appears. This feature matches 
with the picture whether the system is perturbed by some interaction corresponds to 
whether the conformal symmetry is deformed or not. These quantum group generators 
are given by the nonlocal charges in a nonrelativistic fermion field theory as well as in 



solvable off-critical CFT models | 20|| . These similarities are also interesting features of 
the appearance of the q- Virasoro algebra. 

In closing the paper, we would like to expect that the relation of our g-deformed 
algebras or of complete quantum Virasoro algebra to off-critical CFTs would become 
clear in future. We wish to speculate that our quantum group approach serves us with 
new aspects of fermion systems, related other topics [B]J and the qunatum Virasoro 
algebra. 
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A The case of p ^ 1 

In this appendix, we note the case of the raising and lowering operators E ± changing 
the quantum number / by the number p. When p = 1, (2j + l)-fold degeneracy is 
inevitably built into the (2j + l)-dimensional (spin-j) representation and q is determined 
to ( p.8|) . We however point out that other values of q are possible in the cases of p > 2. 

Let us consider the (2j + l)-fold degeneracy and two integers k\ and k 2 defined by 

2j + l = kxp + k 2 , p>k 2 . (A.l) 
Instead of (|2.7|), we have the relations 

EHi = [\ ± 1 -IA±p > Wi = Q l/P i>i , (A.2) 
z p 

and thus have a + 1 (k\ + l)-dimensional representations (0 < a < k 2 ); 

p(E+) = diag+([=f± + % [=f* + §] 9 , ...,[=**+ 2 -^] q ) , 
p{ET) = diag- + % + §]„ . . . , -[=** + 2 -^] q ) , (A.3) 
p(k) = diag(q- {j+a)/p+k \q- (j+a V p+kl -\ . . . , q-d+^/p) . (A.4) 



(A.5) 



If we put 



p 

q = exp(2m — ) , (A.6) 

the representation matrices become simple forms. For example, E + of a = representa- 
tion reads 

p{E + ) = diag + {-[l] qi -[% . . . , -[A*],) . (A.7) 

The simplest case is k 2 = 1, namely the only possible value of a is zero. Eq. ([A.6|) becomes 

2ni 

q = exp{- — — ) (A.8) 
ki + 1 



and the representation matrices ( |A.3|) coincides with spin-(fci/2) representation with the 



value of (|A.8|) . We then conclude that when the generators label the quantum number I 
by the p 1), q is related not to the filling factor but to the dimensions of representations 
only. 
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B Neveu-Schwarz fermion 

We show the realization of the U q (sl(2)) generators by the Neveu-Schwarz fermion i: 
two dimensions 0, ||, |J; 

Let us define the following Fourier mode of a nonlocal current 



The explicit form of in terms of the fermion oscillators is 

^^D^^M^: (B.3 

where : : denotes the normal ordering defined by 

: b r b s := b r b s - 8(r){b r , b s } , {b r , b s } = 5 r+sfi . (B.4 

The generators which satisfy the commutation relations ( |1.2| ) are 

E + = 4 1} , E~ = -L { 11 , k = q~ Lo , (B.5 

where L is the zero mode of the Virasoro operator 

1 i 

L n = -J2(-n - r) : b r b n _ r : . (B.6 
Furthermore, ( |B.3| ) satisfies the q- Virasoro algebra with a central extension 

[4°, l$) = £ c :AV™ + \dM¥n +m , (b.7 

e=±l Z 



where % j is given by ( |4.12| ) and 



1 ^ r (n+l-2fc)t ir (n + l-2fc)j 1 

Gij{n) = m S [ — 2 — ][ — 2 — ] • (R8 
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FIGURE CAPTIONS 



Fig.l: The Hall current with v — 1 induced by A$. 

Fig. 2: Each Landau level becomes the Landau subband like a mountain. The regions A 
and C correspond to the localized states and the region B to the unlocalized ones. 
The point F means the Fermi energy. 

Fig. 3: In the presence of a localization potential, EME is not like Fig.l but like Fig. 3. 
The closed loop corresponds to a localized state. 

Fig. 4: The pattern of the quantum group 'Hall' current with the filling factor v = 2/3. 
e3 is a 'localized' state which does not contribute the current. 
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